Abstract. Let un be a sequence of mappings from a closed Riemannian surface M to a general Riemannian manifold N . If un satisfies
Introduction
Let (M, g) be a closed Riemannian manifold and (N, h) be a Riemannian manifold without boundary. Let u be a mapping from M to N in W 1,2 (M, N ). We define the Dirichlet energy of u as follows
where dV is the volume element of (M, g), and e(u) is the density of u e(u) = 1 2
where u * h is the pull-back of the metric tensor h. A map u ∈ C 1 (M, N ) is called harmonic if it is a critical point of the energy E. By the Nash embedding theorem, (N, h) can be isometrically embedded into a Euclidean space R k for some positive integer k with the metric induced from the Euclidean metric. Hence, a map u ∈ C 1 (M, N ) can be viewed as a map of C 1 (M, R k ) whose image lies in N . Then we can obtain the Euler-Lagrange equation △u − A(u)(du, du) = 0, or P (u)△u = 0, (1.1) where A(u)(du, du) is the second fundamental form of N in R k . Let P (y) : R k → T y N be the orthogonal projection map. The tension field τ (u) is defined by τ (u) def = △u − A(u)(du, du) = P (u)△u. (1.2) Then u is harmonic if and only if τ (u) = 0. We refer to [7] for the systematic study on the harmonic maps.
The harmonic maps are of special interest when M is a Riemannian surface, because the Dirichlet energy is conformally invariant in two dimensions. It is an important question to understand the limiting behavior of sequences of harmonic maps. Let u n be a sequence of mappings from Riemannian surface M to N with bounded energy. It is clear that u n converges weakly to u in W 1,2 (M, N ) for some u ∈ W 1,2 (M, N ). In general, it may not Date: March 4, 2016.
1 converge strongly in W 1,2 (M, N ) due to the concentration of the energy at finitely many points [13] . Thus, it is natural to ask (1) whether the lost energy is exactly the sum of energies of some harmonic spheres(bubbles), which are defined as harmonic maps from S 2 to N ; (2) whether attaching all possible bubbles to the weak limit gives uniform convergence. The first one is so called the energy identity, and the second one is called the bubble tree convergence.
When τ (u n ) = 0, Jost and Parker [10] independently proved the energy identity and neckless property during blowing up. When τ (u n ) is bounded in L 2 (M ), the energy identity was proved by Qing [11] for the sphere, by Ding and Tian [1] and Wang [16] for general target manifold. Qing and Tian [12] also proved neckless property during blowing up. One can refer to [14, 15, 5] for the related results of the heat flow of harmonic maps. Notice that L 2 (M ) space for the tension field is not conformally invariant. So, a natural substitution of L 2 (M ) space seems L 1 (M ) space. However, Parker [10] construct a sequence of mappings from Riemannian surface, in which the tension fields are bounded in L 1 (M ) but the energy identity fails. This motivates the following important question:
Q: whether the energy identity or the neckless property holds for a general target manifold when the tension field is bounded in
This question has been solved by Lin and Wang [6] when the target manifold is the sphere. Li and Zhu [3] also proved the energy identity for the tension fields bounded in L ln + L, and constructed a sequence of mappings with tension fields bounded in L ln + L so that there is a positive neck during blowing up. For general target manifolds, partial important progress has been made: Li and Zhu [4] proved the energy identity and the neckless property for p ≥ 6 5 ; Luo [8] obtained the same result under the following condition
for some a ∈ (0, 1) and any r ∈ (0, 1). Here we denote by D(x, r) the ball with the center x and the radius r and D r = D(0, r).
The goal of this paper is to give a positive answer to Q. When τ (u n ) is bounded in L p (M ) for some p > 1, the small energy regularity (see Lemma 2.1) implies that u n converges strongly in W 1,2 (M, N ) outside a finite set of points. For simplicity, we assume that M is the unit disk D 1 = D(0, 1) and 0 is the only one singular point.
Our main result is stated as follows.
for some p > 1, and for 0 < δ < 1,
Then there exist a subsequence of {u n } (still denoted by {u n }) and some nonnegative integer k 0 such that for any i = 1, · · · , k 0 , there exist points x i n , positive numbers r i n and a nonconstant harmonic sphere w i (a map from R 2 ∪ {∞} → N ), which satisfy
3. w i is the weak limit or strong limit of u n (x i n + r i n x) in W 1,2 loc (R 2 , N ).
Energy identity
E(w i ).
Neckless property:
The image u(
is a connected set.
Bubble tree structure of approximate harmonic maps
Let us first recall the following small energy regularity result [1, 3] .
Then there exists a positive constant ǫ N depending on the target manifold
whereū is the mean value of u on the disk D 1 2 .
Let u n be a sequence of mapping from D 1 to N satisfying
Based on Lemma 2.1, using standard blow-up argument as in [11, 1] , it can be proved that for fixed sufficiently small ǫ ∈ (0, ǫ N ), there exists k 0 ≥ 0 so that for any i = 1, · · · , k 0 , there exist a point x i n , a positive number r i n , and a nonconstant harmonic sphere w i satisfying the conclusions 1 − 3 in Theorem 1.1. Moreover, it holds that 1. w i is the strong limit of u n (
, where Z i is the set of blow-up points of this scaling sequence, thus Z i is finite and for x ∈ Z i ,
For the sake of completeness, we denote
Let us just present a sketch for the construction of (x 1 n , r 1 n )(see P.118-121 in [9] for similar construction). As m 0 (0) = lim
for n sufficiently large. Let Q n (t) sup
continuous and non-decreasing in t, Q n (0) = 0 and Q n (δ) = E(u n , D δ ). Therefore, there exists 0 < r 1 n < δ such that Q n (r 1 n ) = max Q n (δ) − ǫ,
for n sufficiently large. Hence, we can take f (1) = 0. Moreover, by Lemma 2.1, u n (x 1 n + r 1 n x) has a subsequence, which strongly converges in W 1,2 loc (R 2 \ Z 1 , N ) to w 1 , and for x ∈ Z 1 ,
which implies that this construction can only happen finite times.
Remark 2.2. In fact, Zhu [18] proved the bubble tree theorem under the weaker condition
Now, by Property 1 and Lemma 2.1, for fixed 0 < δ < 1 < R and 1 ≤ i ≤ k 0 , we have
as n → ∞. Therefore, as n → ∞,
and for n sufficiently large,
Thus, the energy identity is equivalent to show that there is no energy on the neck during blow-up process, i.e.,
While, the neckless property is equivalent to show that there is no osicillation on the neck, i.e.,
In order to prove (2.1) and (2.2), our key idea is to show that the Hopf differential of the approximate harmonic map u can be approximated by a holomorphic function, where the error is quantized by the tension field of u. The result is trivial in the case when τ (u) = 0, because the Hopf differential of harmonic map u is holomorphic.
The Coulomb gauge frame
Consider
where ǫ 0 > 0 will be determined later.
Recall that (N, h) can be isometrically embedded into R k . Let N be a submanifold of R 2k defined by
Then N = N × {0} is a totally geodesic submanifold of N . As in [2, 7] , we may introduce the Coulomb gauge frame of u * T N . Let us present the construction of Coulomb gauge.
The following lemma makes use of Hardy space (for example, see [2, 7] ).
Here L p,q (R 2 ) is the Lorentz space.
We also need the following extension lemma.
Here C is a constant independent of r.
Proof. We only consider the case Ω = D 1 \D r . First of all, we can find
This completes the proof.
First of all, we show that A(Ω) is nonempty and
in Ω and extend R 0 to R 2 so that
Then there exists a subsequence of {R n } (still denoted by {R n }) and
Noticing that
we infer from Lemma 3.1 that
.
We introduce
Then the system of (1.1) is equivalent to
where w satisfies
Moreover, it holds that
Here I k is the k × k identity matrix.
Proof. Due to T ≤ 1 3 , we get by the fixed point theorem that
Recall that w T = −w and
which implies that
That means that B T B is holomorphic. On the other hand, lim
The proof is finished.
Holomorphic approximation of Hopf differential
Throughout this section, let us assume that u is a mapping from
It was well-known that if u is harmonic, then h(z) is holomorphic. In this section, we will show that in general case, h(z) can be approximated by a holomorphic function, where the error is quantized by τ (u) L p (D 1 ) . This result may be independent of interest.
Proof. Thanks to E(u, Ω) ≤ ǫ 0 , by (3.3) we can take ǫ 0 small enough so that T ≤ Cǫ 2 0 ≤ 
Hence, by
On the other hand, we have
This concludes that
Thus, the lemma is true for either h 0 = h 1 or h 0 = 0.
Lemma 4.3. There exist ǫ 0 > 0 so that if
and there exists a holomorphic function h 0,2r in D 2r satisfying
Then there exists a holomorphic function
Here C is a constant independent of A 0 and r.
Proof. Using the same notations as in Lemma 4.2 with Ω = D 1 \D r , we have
We denote by n∈Z a n z n (a n ∈ C k ) the Laurent expansion of G 1 (z) in D 1 \D r . Then we have
and we define
Hence, h 0 (z) is holomorphic in D 1 . Since h 0,2r is holomorphic in D 2r , we may write
Estimate of b −n .
Thanks to the assumption, we get
which implies that for j = 1, 2, 3,
Hence, we deduce that for n ≥ 1,
A 0 , and for n ≥ 0,
Refined estimate of b −1 .
Recalling b n = m∈Z a m , a n−m , we get
we infer that
Using the fact that ln z n 2 L 2 (D 1 \Dr) is a convex function of n, we obtain
for n ≥ 1, and for n ≥ 0,
Then we conclude that
|a n ||a −2−n |, which along with (4.2) and (4.3) yield that
It remains to estimate a −1 . For this, we denote
Let Ω = D 1 \D r . We have
Moreover, we also have
which gives
Therefore for ρ = r/2, we have
where
Notice that
Thus, we obtain
where we used (4.4) in the last inequality. This along with (4.6) gives
Taking ǫ 0 small such that Cǫ 0 ≤ 1 2 , we obtain
Using the facts that
and |b −2 | ≤ CA 0 and
we deduce that
On the other hand, we also have |b −1 | ≤ C A 0 r , hence,
Collecting the estimates of b n , we finally conclude that
This completes the proof of Lemma 4.3.
) and for any z ∈ D(z 0 , r + ρ), there exists a holomorphic function h z,r in D(z, r) so that
Here C is a constant independent of r, ρ, and A 0 .
Proof. Let φ be a radial cut-off function satisfying
2 ) due to the mean value equality of holomorphic function. Therefore,
Using Fubini theorem, we get
Notice that in D(z, r/2), we have
Therefore,
which implies (similar to (4.9))
here we used
This completes the proof of Lemma 4.4.
Now we are in a position to prove Proposition 4.1.
Proof of Proposition 4.1. We use the induction argument. The case of m = 1 follows from Lemma 4.2. Let us assume that the case of m − 1 is true. The proof of the assertion for m is split it into many cases.
In this case, we may take h 0 = 0, since
We first consider the function v(z) = u( z 4 ), which satisfies
Then Lemma 4.2 ensures that there exists a holomorphic function
and satisfies
Obvious, Q(t) is continuous and non-decreasing in t and Q(0) = 0. In this case, we let
Then the induction assumption ensures that there exists a holomorphic function
Therefore
. Thus, Lemma 4.4 ensures the existence of a holomorphic function h 0 in 
Then following argument of Case 3(using Lemma 4.4 with
Now set ρ 0 = 1 2 + r 0 , r = r 0 /ρ 0 and consider the function v(z) = u(ρ 0 z + z 0 ). Then we have
For 0 < r 0 < r < 1 4 , the function h 0,2r (z) = ρ 2 0 h 0 (ρ 0 z + z 0 ) is holomorphic in D 2r and satisfies
. Therefore, v and h satisfies the conditions of Lemma 4.3 with
Thus, there exists a holomorphic function h 0 in D 1 such that
For A 0 given by (4.10), we have
This gives
Therefore, the assertion holds for m with C m = C3 m C m−1 . The proof of Proposition 4.1 is completed. 
Proof. Here we will use the notations in the proof of Lemma 4.3. By (4.4) and (4.7), we get
, there exists a positive integer ℓ > 1 such that e −ℓ ρ < r/ρ ≤ e −ℓ+1 ρ and ℓ ≤ ln ρ 2 r + 1. Let ρ j = e −j ρ for 0 ≤ j < ℓ and ρ ℓ = r/ρ. Then by (4.4) and Sobolev embedding and the fact that G 1 is holomorphic, we deduce that for 0 < j ≤ ℓ,
The proof is finished. For n sufficiently large, 0 < r i n < r < 
